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Abstract. The variance of observables of quantum states of the 
Laplacian on the modular surface is calculated in the semiclas- 
sical limit. It is shown that this hermitian form is diagonalized 
by the irreducible representations of the modular quotient and on 
each of these it is equal to the classical variance of the geodesic 
flow after the insertion of a subtle arithmetical special value of the 
corresponding L-function. 

1. Introduction 

Let G = PSL(2,R), T = PSL(2,Z) and X = T\M be the modular 
surface. X is a hyperbolic surface of finite area and it has a large dis- 
crete spectrum for the Laplacian (see [16] and [12]). The corresponding 
eigenfunctions can be diagonalized and we denote these Hecke-Maass 
forms by (fij, j = 1, 2, ■ • • . They are real valued and satisfy 

(1) A<f)j + Xj^j = 0, T n <f)j = \j(n)(j)j 
and we normalize them by 

(2) / ^zfdA{z) = 1. 

Here dA is the hyperbolic area form and write A^ = | + If A > 
then it is known that such a <fi is a cusp form |16] . <pj has a Fourier 
expansion, 

(3) faiz) = ^^W , itj (Mn\y)e(nx), 

where Wo,itj is the Whittaker function. X carries a further symmetry 
induced by the orientation reversing isometry z — > —z of EI and our 
0's are either even or odd with respect to this symmetry r 

(4) <f>j{rz) = e i <f> j {z), e 5 = ±1. 
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Correspondingly 

(5) c j( n ) — £jCj(—n). 
The Iwasawa decomposition of g G G takes the form 

(6) g = n(x)a{y)k{9) 
where 

i \ f 1 % \ / \ A \ , , n , ( cos# sin# 

n W=(o 1 J'^)=( o y-h J' W= (-sin£ costf 

H may be identified with G/K where K = SO(2)/(±I) and then T\G 
is identified with the unit tangent space or phase space for the geodesic 
flow on X. The objects whose fluctuations we study in this paper are 
the Wigner distributions Uj on T\G. These are quadratic functionals 
of the 0j's and are given by (see the recent paper [TJ for a detailed 
description of these distributions as well as their basic invariance prop- 
erties), 



(7) uj = (j) j (z)^2<j) j)k (z)e 2 



Here the <pj^ are the shifted (by raising and lowering operators) 
Maass cusp forms of weight k. They are eigenf unctions of the Casimir 
operator Q, which acts on C°°(T\G). 

The basic question concerning the w^-'s is their behavior in the semi- 
classical limit tj — > oo. Lindenstrauss [SU] and Soundararajan [46J have 
shown that for an "observable" ip G C(T\G) 

(8) Uj(if>) -»■ / ip(g)dg, as j -»• oo 

Jr\G 

where dg is normalized Haar measure (i.e. a probability measure), this 
is the so called "QUE" property. 

It is known after Watson [19] and Jakobson [21] that the generalized 
Lindelof Hypothesis implies that if 

(9) [ 4,{g)dg = 

Jt\g 

then, for e > 

(10) Wj-(V') <e tJ^ +E 

For the rest of the paper we will assume that the mean value of i/j 
is 0, i.e. (9) holds. The main result below is the determination of the 
quantum variance, namely the mean-square of the o;j(^)'s. These are 
computed for special observables (ones depending only on z G X) in 
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[37] where the 0j's are replaced by holomorphic forms, and in [51] for 
the cjj's at hand. The extension to the general observable that is carried 
out here is substantially more complicated and intricate. It comes with 
a reward in that the answer on the phase space is conceptually much 
more transparent and elegant. 
The variance sums 

(11) S4T):=J2Mn 2 

tj<T 

were introduced by Zelditch who showed (in much greater generality) 
that 5^(T) = O(j^-y) [53] . Corresponding to (10) we expect that 
in our setting S^(T) will be at most T 1+e , since by Weyl's law [35] . 

Theorem 1. Denote by A (T\G) the space of smooth right K -finite 
functions on T\G which are of mean and of rapid decay. There is a 
sesquilinear form Q on A (T\G) x y4 (r\G) such that 

(12) lim 1 V Uji^pji^) = Qi^xM- 

1 — >oo ± ' * 

tj<T 

We call Q the quantum variance. The proof of Theorem 1 proceeds 
by proving the existence of the limit which comes with an explicit but 
formidable expression for Q see (34) of section 2. It involves infinite 
sums over arithmetic-geometric terms (twisted Kloosterman sums) and 
it appears very difficult to read any properties of Q directly from (34). 
For example even that Q is not identically zero (which is the case so 
that the exponent of T in the theorem is the correct one) is not clear. 
Using some apriori invariance properties of Q as well as some others 
that are derived from special cases of general versions of the daunting 
expression (34) allows us to eventually diagonalize Q. 

In order to describe the result we need some more notation. The 
fluctuations of an observable ip Cq(T\G) under the classical motion 
Gt by geodesies was determined in [10] and it asserts that for almost 
all g, 

(13) JL j%{G t {g))dt 

is Gaussian with mean zero and variance V given by 

(14) V{^ 2 ) = ^ I ^(g( e l °A) Mg^dgdt. 

J-ooJt\sl(2,k) V V e 2 J J 
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Note that (14) converges due to the rapid decay of correlations for the 
geodesic flow. The correspondence principle suggests, and it has been 
conjectured in [7j, that for chaotic systems such as the one at hand, the 
quantum fluctuations are also Gaussian with a variance which agrees 
with the classical one in (14). 

The distributions Uj enjoy some invariance properties that are in- 
herited by Q and which are critical for its determination. The first is 
that Uj is invariant under time reversal which is a reflection of <fi being 
real. That is wuj = Uj, where w is the involution of T\G given by 

(15) Tg^Vgf^ J) 
Thus 

(16) Q(wipi,ip^) = Q(ipi, wip 2 ) = Q(ipi,ip2) 

The second symmetry is special to X and follows from (4); 

(17) ruj = Uj, Q (7-^1,^2) = Q{i>i,rif>2) = Qtyufo) 

So if the quantum variance is to be compared with the classical variance 
then it should be to the symmetrized form 

(18) V s ^ 1 ^ 2 ):=V^r^D 
where 

(19) V^:=^X>^ 

heH 

for H = {1, w, r, wr}. 

These same symmetries arose in connection with the arithmetic mea- 
sures on T\G studied in [32]. In fact the arithmetic variance B intro- 
duced in that paper turns out as we will show, to be very close to our 
quantum variance Q. We employ freely some of the techniques and 
notations in [52] . 

The classical variance V is diagonalized by the decomposition of 
L^ usp (r\G) into irreducible representations under right translations 
by G. For simplicity we will restrict ourselves to examining Q on 
L^ usp (r\G), the continuous spectrum can be investigated similarly. We 
have 

(20) LL P (r\G) = 0^, 

where W^Js are irreducible cuspidal automorphic representations, each 
also invariant under the Hecke algebra. The 7Tj's come in two types, the 
discrete series W n k, k even, j = 1, 2, • • ■ , d k , c4 being the dimension of 



THE QUANTUM VARIANCE OF THE MODULAR SURFACE 



5 



the space of holomorphic and antiholomorphic forms of weight k, and 
the spherical representations 7r£ (see [22] )■ Thus 

oo d k 

j=l k>12 j=l 

oo d k 

(21) := E^®EE^| 

j=l k>12 j=l 

where dk is either [fc/12] or [A;/12] + 1 depending if k/2 = 1 mod 6 or 
not. 

To each ttj is associated its standard L-function L(s, 7Tj)Q which has 
an analytic continuation and functional equation relating its value at 

s to 1 — s. In particular, the number L(-,7Tj) is real and it is a very 

subtle and much studied arithmetical invariant of itj. 
We can finally state our main result, 

Theorem 2. Both V syra and Q are diagonalized by the orthogonal de- 
composition (21) and on each summand U^k, we have 

(22) Q\u„ k =L{\^)V^ k . 

3 £ 3 

Remark 1. The precise meaning in Theorem 2 is that it holds when 
evaluated on any ipi,ip2 in L 2 C (T\G) fl A (T\G). 

Remark 2. The theorem asserts that the quantum variance is equal to 
the classical variance after inserting the "correction factor" o/L(|,7r) 
on each irreducible subspace. As we have noted Q is very close to the 
arithmetic variance B in [32]. Comment (1.4-6) of that paper indicates 
heuristically why one might expect this to be so. However our proof 
that these Hermitian forms are essentially the same goes through a 
very different route. 

We outline briefly the proofs of Theorem 1 and 2 and the contents 
of the paper. Section 2 is devoted to the proof of Theorem 1. The 
variance sums are studied for functions in y4 (r\G), all of which are 
realized by Poincare series. For technical reasons we weight the sums in 
(12) by an analytic function u(^) and also by mild arithmetical weights 
L(l, sym 2 <£>j). This facilitates the use of the Petersson-Kuznetzov for- 
mula and the weights are only removed at the end. This technique was 
introduced in [SB] and used in subsequent investigations [23], [2Z] and 



Our notation throughout is that L(s, tt) denotes the finite part of the L- function 
and A(s,7r) the completed L-function with its archimedian factors. 
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[54] with progressively more complicated answers. The present case is 
given in Section 2 equation (13) and is (as we have noted) very com- 
plicated. We have to pass through versions of it as it is the only way 
that we know of proving the existence of the limit at this scale and we 
also need to use these formulae later to prove (23) below. 

The rest of the paper, Sections 3 and 4 are concerned with diagonal- 
izing Q. A key role is played by the asymptotic invariance of Uj under 
the geodesic flow Q t on Y\G. This alone does not suffice to get the cor- 
responding invariance property for Q, since we are working at the level 
slightly sharper than the bounds (10). To this end the recent results 
of Anantharaman and Zelditch [Tj clarify the exact error terms in the 
invariance properties of Uj under Q t . This together with well known 
multiplicity one results for linear functionals on irreducible representa- 
tions of G, which are Qt, w and r invariant, reduce the determination of 
Q to Q(£,r)), where £ and r\ are vectors which generate the irreducible 
TTj and TCj, respectively (see [32] )■ If ^ 7rj>, we need to show that 
QiCyV) = 0- This is done by establishing a self-adjointness property of 
Q with respect to the finite Hecke operators T p . Namely that for such 
f and 77, 

(23) Q(T P Z, V ) = Q(Z,T pV ) 

The proof of this is given in Propositions 4 and 5 and requires one to 
prove several of identities for the corresponding twisted Kloosterman 
sums. This is similar to the analysis in applications of the trace formula 
to prove spectral identities, after comparisons of orbital integrals (the 
fundamental lemma as it is known in general). With (23) the vanishing 
of <5(£ ; v)i when K k - 7^ tt 1 ^, follows from the multiplicity one theorem for 
automorphic cusp forms on GL2. Finally when ir 1 - = 7rj/ the sum (12) 
may be analyzed using Watson's triple product formula [49] and its 
generalization by Ichino [18] together with techniques from averaging 
special values of L-functions over families. One needs an explicit form 
of these triple product identities for forms which are ramified at infinity. 
This is provided in Appendix A. This leads to the explicit evaluation 
of Q((,,rj), and in particular it introduces the magic factor of L(|,7r). 
Finally in Section 5, we remove the mild weights and derive Theorem 
2. 

2. Poincare Series 

In this section we calculate the quantum variance sum of the weight 
2k incomplete Poincare series against dojj on r\G. 
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Let h(t) be a smooth function on (0, oo) with compact support. On 
C°°(0,oo), define || • \\ A by 



A = max 

o<i,j<A*e(o,oo) 



h\t) 



P 

For m G Z, define the incomplete Poincare series of weight —2k: 

iWM)=e 2 ^ E %M)(^)) 2fe e(mx( 7 *)). 
7eroc\r 

For m — 0, it becomes the incomplete Eisenstein series of the same 
weight. 

On r\G, define the Wigner distributioon 

dujj = Vj {z)^2^ k {z)e~ 2tke du 

where 

dxdy d6 

du = — t, . 

y 2 2tt 

iPj is the j-th Hecke-Maass eigenform with the corresponding Lapla- 
cian eigenvalue A,- = — h t 2 , Hecke eigenvalues A,(n) and we normal- 

ize H^jlh = 1- tPj,k{z) are shifted Maass cusp forms of weight 2k, 
(Pj tk (z)e~ 2lke is an eigenfunction of Casimir operator 

„ 2 f d 2 d 2 \ d 2 A <9 2 



dx 2 dy 2 J dxd6 0x06 

with the same eigenvalue f° r every /c. (f2 acts as A 2 fc = A—2iky^ 

on weight 2 A; forms.) 

We fix an even function u(t) be analytic in the strip |Imt| < | and 
real analytic on R satisfying u^ n \t) <C (1 + |£|) _iV for any n > and 
large N, and -u(t) < t 10 when t 0. 

We have the following 

Proposition 1. For hi, h 2 G L7?°(0, oo) ; mi,m 2 , ki, k 2 G Z ; and 

P/n,mi,2fci, Ph 2 ,m 2 ,2k 2 satisfying (9), there is a sesquilinear form Q , such 
that 

T™o^E M (t ) L ( 1 ' S y m Vj)^(^i,m 1 ,2fe 1 )^( J Pfe,m 2 ,2ifc 2 ) 
— Q(Phi,mi,2kn Ph2,m2,2k2) ■ 
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Moreover, there is a constant A and C (depending on k\, hi) such 
that the sesquilinear form Q satisfies 

\Q(P h i,mi,2fci j P, h2,ni2,2k2 

)| <C((|m 1 | + l)(|m 1 | + l)) A ||/ il |U||/ i2 |U. 

Proof. We prove the proposition for weight —2k, k > and it is anal- 
ogous for functions of weight 2k (the case of k\ = k 2 = being dealt 
with in [54J). Let mim2 ^ 0, without loss of generality, we assume 
mi, 777.2 £ N. By the Iwasawa decomposition and unfolding we have 



h ,m,2k ) 



[e 2ike %M)(e 7 W) 2fc e(mx( 7 z)))^, 



7£roo\r 



(24) 



roo\H 



h{y)e(mx)ip j (z)(p j>k (z)dii(z) 



Apply the Fourier expansion of (pj,k(z) [2i 

7^ \/M r (i + sgn(n)k + it j ) 

and 

tpAz) = Y,^TWo,u^7r\n\y)e(nx). 

From the relation Cj(n) = Cj(l)Xj(n) and the well-known multiplica- 
tivity of Hecke eigenvalues 



d\ (n,m) 



we have 

Uj{Ph,m,2k) 

(25) 



47r(-l) fe r(5 + %)ci(l)E E Ci(?2+T 



r(| + sgn(g)fc + zij 



<f|m 



1 



i + 3l 



m 



4ir\qd\ 



Let i?(s) be the Mellin transform of h(y) 

H(s) = 
By the Mellin inversion, 



Hy)y' s ^. 
y 



i ra-\-ioo 

h(y) = — / H(s)y s ds, 



THE QUANTUM VARIANCE OF THE MODULAR SURFACE 

the inner integral (4) can be written as 



1 

2vri 



\AnqdY 



T(| + sgn(q)k + itj) 



1 + 



m 
qd 



dyds 



Since Wo^(y) = ^/y/irK tl (y/2), we can denote the inner integral as 



A k (s)= / y s 2 W Bga(q)k , itj (2y)K it . (y 



m 



~^ qd 



dy 



When k = 0, the integral involves a product of two i^-Bessel functions, 
which was evaluated by Luo-Sarnak |36j. Jakobson [25J evaluated Ai(s) 
using the standard properties of i^-Bessel and Whittaker functions, 

W 1>itj = J^(y%K itj (y) -vh\ + itj)K it ,{y) + y^K itj+ i(y)) 
in which one gets 

A 1 (s) = A (s + 1) - (~ + %)A (s) + J -B(s) 

l \ 71 



where 



Hence, 



B(s) = J™y s K ttj+1 (y)K Uj (y\l + dy 



2 s-2 T 
• 1 



s + 1 + lit. 



qd 

s + 1 - lit, 



(1 + 



m s 
qd' 



r 2 -(l- r )^(l + ^ + r(^-) 2 r^-^T 
qd qd 



-(- + it i )2 s - 3 r 



s + 2i£ 



f s — 1it d 



(1 + 



if. 



qd' 



s-2 s-2 2rm ,m. 2 ._s_ it . 

T 2 (1-T ) 2 1 + -+T — 2 2 

qd qd 



+2 s ' 2 r 



s + 2 + 2it, 



r 



s — 2ztj 



(1 + 



qd' 



it , 



(26) 



2rm . m 
qd 



/ r— 1-TI1+ — r + 
Similarly, we can obtain A_i(s) by the formula 



2^-1-^ 



4 I" tj 2 V 'I 4 I" ^ 



1 , +2- 
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Then plug Ai(s) and A_i(s) into (142p and by Stirling formula, Mellin 
inversion and the fact that 



L(l,symVi) 



we have 



= L(1 ^ ) E E W + d > g» m ) 

v ' J d|m 9>0 

where 

if (t,-, d, g, m) = d, g, m) + H 2 (tj, d, q, m) + H 3 (tj, d, q, m)) 
and 



(27) fc | . | 



(1 + — 1 

H 2 ( tj ,d,q,m) = -2 I + ^ )2 1 (r(l-r))- 1 



(28) I Wr( !- T) 5 I dr. 



9 d 1 M) 2 



and 



w.-) - / i 1+ y + ^ )'w+^+^) 2 ))- 



(29) h I Wt( :- T) „ I dr, 



2rm i rm 2 



For z = 1, 2, we denote 



+H i2 (tj, di, q h rrii) + H i3 (tj, d u q h mi)). (30) 
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Now, plug into 

En#) L ( 1 ' s y m Vi)^(^i,m 1 ,2H(p /l2im2i2 ) 

3>1 ^ ' 

and apply Kuznetsov's formula [29] to the inner sum, we obtain 



7-co V 7 W Wo |C(l + 2rf)| 2 

dit(?2 + q2m 2 /d 2 )dt H V^c" 1 ^^ + q 1 m 1 /d 1 , q\ + q 2 m 2 /d 2 ; c) 

7T z — ' 



c 

oo 



4tta/ (gf + qim 1 /d 1 )(ql + q 2 m 2 /d 2 ) h(t) 

c cosn(7rcj 
Here 

„, N .dm + an. 

S(m,n;c) = > e( ) 

^— ' c 

aci=l mod c 

is the Kloosterman sum and 

*,(«)= E (I)"- 

and 

= ^H^t, d 1 q 1 ,m 1 )H 2 {t, d 2 q2,m 2 )u . 

Thus, we have 

= — 2^ ( S — / *tanh(7rt)/i(t)dt 

i j J-oo 
oi,oa »5ii32 

(31) / n . J _,„ d it (ql + q 1 mi/d 1 )d it {ql + q 2 m 2 /d 2 )dt 

71 Jo |C(l + 2i*)r 

H — V'c" 1 ^^! + qiirii/di.ql + q 2 m 2 /d 2 ; c) 

7T z — ' 

c 

,o ^ /"°° r ^K^(q* + q 1 mjd 1 )(q 2 2 + q 2 m 2 ~/d 2 j ^ h(t) 

\ 6Z ) I J 2it{ )t — ——at), 

J-oo C C0Sh(7Tt) 

Next, we will estimate each of these terms respectively. 
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First, we treat the diagonal terms. Since qi(qi + ^) = 92(92 + ^) 
has at most finitely many solutions if m\jd\ 7^ m 2 /d 2 , and the integer 
solutions to qi ( qi + fO = 92(92 + are only q x = q 2 if ^ = ^. 
Thus, the diagonal terms are 

/ ^ ^ H^t, dig, m 1 )H 2 (t, d 2 q, m 2 )dt 

J- 00 ^ ' rn 1 /d 1 =m 2 /d 2 q>l 

where 

Hi(t, d x q, mi)H 2 (t, d 2 q, m 2 ) 
3 

= ^ Hu(t, dig, mi)H 2j {t, d 2 q, m 2 ) 



Here, we treat the following one of the nine terms 



Hu(t, diq, m^H^t, d 2 q, m 2 ) 

f f n \ n T cos& (2r - 1)) cos(^f (217 - 1)) 

Jo Jo rrj(l - r)(l - rj) d x q d 2 q 



Wt(1-t) 



WvO--v) 



2ym 2 j_ ym4 



drdr) 



For i — 1,2; restricting hi on R and hi satisfy h\ (t) <C (1 + |£|) -JV for 
any n > sufficiently large iV and hi(t) <C t 10 when t — > 0. Thus, foj 
are continuous uniformly on R. For the sum over q, we estimate it as 



^2 H i(t, rf i9, m x )H 2 {t, d 2 q, m 2 ) 

9>1 



T r rC08&(2r-l)) 008(^(2^-1))/!! f ^ 

Jo Jo Jo 49 da? V Trd^^/l 



1 2-rmi I 



fc 2 I 1 j I dq - -drd, + O(l) 
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f f f°cOs(^(2T-l)) 008(^(277-1))^ [ 

Jo Jo Jo diQ d 2 q y 

h (^Iqj ^rr /( l-r )( l-r ? )^ + 0(1) 



ndiq 



t ,1 rl ,00 008(^(^- 1)) 008(^(21,-1)) f^y/^Tj' 

-Ail 



Trio io io r77(l-r)(l-77) \ d x 



d 2 i e 2 



Similarly, we can evaluate the other 8 terms and we obtain the main 
term of the diagonal term is 



p OO p 1 p 1 3 

S / / / $^Mf> m l> d l> r l)^j(f> m 2,<*2,T2) 



where 

hni^m^d^Ti) = — ), 

h i 2{£,m i ,d i ,T i ) = r hi{ ) 

Ti(l - Ti) di 

r {P , , cos^^-i) evgn^y 

h i3 {t;,mi,di,Ti) = hi{ ) 

n di 

for % = 1,2. 

For the non-diagonal terms which is the following 

State + ^),?2te + f); C ) 



E EE 

dl|mi 51,92 c>l 

d,2\m,2 



' COsh(TTt) 



where 



6,(0 = pH 1 (t,diqi,m 1 )H 2 (t,d2q2,m 2 )u y T j, 
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it 



Hj(t, k, m) ■ 

for j = 1, 2. 

Let x 
terms is 



1 + f 



1 



i i i 2rm i Tin 2 

o V 1 + — + ^ 



r(l-r) 



h, 



U/T 1-T 



4?r Jgi g 2 (91 + ^ ) (92 + ^ ) 



the inner integral in the non-diagonal 



TK ' 2j R sinh(Trt) 1 ; 

Since tanh(7rf) =sgn(t) + 0(e _7r ' t ') for large \t\, we can remove tanh(7rt) 
by getting a negligible term 0(T~~ N ) for any N > 0. 

Next we apply the Parseval identity and the Fourier transform in [5] 



J«t(x) - J-2it{x) 



(y) = — i cos(x cosh(7T?/)). 



sinh(7rt) 

By the evaluation of the Fresnel integrals, we have 



It(x) 



u 



hi 



t \ [Y f 1 [ l cos(^ ^f(2r - 1)) cogCgj >/f Cfr - 1)) 

717(1 -r)(l -77) 



2 Jo V^V v x v Jo Jo 



\7rd1k\Jl 



11 4. 



drdrj cos (a; — y + 



77 



^2^/1 + * + 



2??m 2 _,_ 

■ IT 



4 y/Wy 

Thus, the non-diagonal terms are equal to 



— E ^^ g(9l(9l + ^ ); 92(92 + j ^ );c) 



dl|mi 91,92 c>l 
rf2|m2 



U 



2 > ' z 



T 



,7' 

x 2/ Jo JO 



7-77(1 -r)(l -77) 

y 77(1 tt n 

— drdrj cos (a; — y + — 



7rc?igi 



7cd 2 q2 



Try 



Since both and h 2 (t) satisfy h\ <C (1 + \t\) N for any n > 

and sufficiently large iV, and ft,j(t) <C t 10 when £ — >• 0, the above sum is 
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concentrated on 

m i xyr(l — t) 
T-to < JL±^ L < i 

5? 

r-A « i^^^ « i 

52 

Thus we can get the following range 

■> T. 




Note that here x ~ 5152c \ the ranges for q 1 , q 2 , c are as follows 
Ty/r(l - r) < 9l < Ti v/r(l - r), 

Tv^(l - ^ < g 2 < T§ ^(1 - 77), 
c < yT^ 

Here by the above relations and partial integration sufficiently many 
times, we will get sufficiently large power of y, q\ and 5 2 occurring in 
the denominator, so we get the terms with c ^> Tw contribute 0(1). 

Denote the above sum as 

EEE gtoto + ^),^ + t); c) w + o(i) 

di|mi 91.92 c>l 
d,2\m2 

Making the change of variable t = 

?7(1 -77) y nd^ 

By Taylor expansion, 




Am / " mi , 

^ = W 5i52(5i + -H(92 + -j-. 

c V di a 2 

2vri m 2 gi raig 2 

= 25i52 + —j— + —j— + ■ 

c 0,2 d\ 



So we can write 



Jgi.aa.c = S(e c (-(2g!g 2 + — j— + — j— ))/ c (gi, 92)), 

a 2 ai 
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where 

e i(2G2i- 5 ) ^ /- 1 cos(^tT(2r-l)) 008(^(27/-!)) 
4 7o 7o r77(l-r)(l-77) 

y TTdigi J y ird 2 q 2 J 

and we use the notation e c (z) = . 

Reducing the summation over qi,q 2 into congruence classes mod c, 
we have, 

> S{qi{qi + - r ),q 2 {q 2 + — ); c)e c (-(2gig 2 + — j— + — j— ))/c(?i, ?2j 

9l,92>l 

= £ S W a + ^),6(6 + ^);c)e c (-(2 a 6 + ^ + ^)) 

— ' Oi Cl 2 « 2 «1 

a,b mod c 

q\=a,q2=b mod c 



I YJ £ S W a + ^),6(6 + ^);c) 

u,u mod c a, 6 mod c 

e c (-(2a& + (^ + u)a + + u)6))(Y] / c (<7i, <?2)e c (-wgi - vq 2 )). 
a 2 cti •* — J 



91.92 

Apply the Poisson summation for the sum in q 1 , q 2 and obtain, 

y2fc{qi,q2)e c {-uqi-vq 2 ) = Y] / / f c (qi,q2)e((h--)qi+(l 2 --)q 2 )dq 1 dq 2 . 
t~L 7~? J Jr 2 c c 



<7i,<72 h,h 



We can assume \u\ < |, \v\ < |, by partial integration sufficiently 
many times, we get 

y2fc(qi,q2)e c (-uq 1 -vq 2 )= / f c (q 1 ,q 2 )e(--q 1 --q 2 )dq 1 dq 2 +0(T- A ) 

9^2 J J ^ C C 

for any A > 1. 

For (w,?j) 7^ (0,0), by partial integration sufficiently many times, we 
also obtain 

/ / /c(5i,52)e( — gi g 2 )^i^2<T" A , 

i Jr2 c c 
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for any A > 0. Thus only (u, v) = (0, 0) contributes. We can allow 
c ^> Tto in the c-summation, notice that we have the term — - in 
fc(<li,<l2), so by partial integration sufficiently many times, 




fc(qi,Q2)dqidq 2 < c A T 2 , 



for any A > 0. 

For fixed di,rrii (i — 1,2), denote 

Sc= J2 s(a(o + ^ )>6(6 + ^ );c)ec( _ (2a6 + !^ + !^ )) 



Thus, the non-diagonal contribution is 



/ fc(Qi,Q2)d qi dq 2 ) + 0(l) 

di|mi c>l C ^ ^ R2 

ai|mi c^l 
|nT-2 



S c f f 17111712 m?q2 rniqi. 2 2 T 00 /t\ 1 
ii., - - - u 1 



o l \ x 4> 



1 rioos^^JZr-l)) 008(^(21,-1)) / tTv ^(T37) 

Ml 



JO 



rr](l - r)(l - 77) \ vrrfigi 



/l 2 f !^V^j 5 ) ( htl n( lhh h dq;) + 0(1) 
\ nd 2 q2 

rp x^cv./'S'cCs / / r mim 2 m|£ 2^ 



d,2\m2 



1 ^cosf^ 



(2r-l))cos(^(2r ? -l)) /^v^O^j' 



Vo Jo T77(l -r)(l -77) \ vrrfi 

/i 2 drdi]d^d(P) + 0(1). 
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Thus, we obtain the following asymptotic formula including the diago- 
nal and non-diagonal terms: 



T™o^S M (t) L ( 1 ' S y m2 ^') W i( P ^. m l. 2 ) a; i( P ^,rn2,2) 
3>1 ^ ' 
poo poo /*1 /»1 3 

/ u(t)dt( ^2 ^h i (£,m 1 ,d 1 ,T 1 )h 2j (£,m 2 ,d 2 ,T 2 ) 

JO mi = m2 JO JO JO i - =1 

di|mi,rf2|m2 c >! 
3 



e((^i^) 2 66c)} h u (^ 1 ,m 1 ,d 1 ,T 1 )h 2j (^ 2 ,m 2 ,d 2 ,T 2 )dr 1 dT 2 -^^) 

i,j=l ^ ^ 



where 



hii{£,mi,di,Ti) = — fti( 



hai^m^d^Ti) = v M 1 ) 

Till — Ti «i 



hia{£,m h d h Ti) = v dl -h 



n di 
for % = 1,2. 

In the non-diagonal terms f !34p . 5 C is a sum involving Kloosterman 
sums which is explicitly 

a,b mod c 

This gives the existence of the limiting variance for the case k\ = 
k 2 = 1. 

Now, by the induction and the recurrence formula 

A k+ i{s) = -2kA k (s) + 2A k {s + 1) - [(k - + t)\A k _ x {s) 

we can obtain the existence of B(Ph l , mi ,k 1 , Ph2,m 2 ,k 2 ) f° r an Y ki,k 2 G Z. 
Precisely, for the term [{k — |) 2 + i|] J Afc_i(s), the involving Gamma 
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factors are, 

[(k-\Y + t>]T(\ + it J )A k ^ 1 (s) 

r(| + ^.)^-i(s) [(A;-|) 2 +t|]r(A;-|+%) 



V{k-\ + it j ) T{k + ± + itj) 

Thus, we can evaluate using the induction assumption for the first 
factor and Stirling formula for the second factor. 

For the term kAh(s), we can use the similar argument to evaluate. 
While for the terms involving Aq(s + k) and B(s + k), the Gamma 
factors are easy to handle since they are simply 

r(^) 2 r (5±fe) r (£±fc + 1) 

T(s + k) ' T(s + k + 1) 

Moreover, by keeping track of the independence on hi and /i2 and 
integration by parts in the double integrals of (1551) and flMl) . we ob- 
tain that there is a constant A (depending on fci, A^); such that the 
sesquilinear form Q satisfies 

\Q{Phi,mi,ki, Ph2,m2,k 2 )\ <fei,fc 2 (G m l| + l)(|^l| + l)) A ||^l|U||/l2|U- 

(35) 

If any incomplete Poincare series in this proposition is replaced by 
incomplete Eisenstein series, i.e. = with mean zero satisfying (9), 
the proposition is still valid. For the case m x = m 2 = 0, there is a 
slight change for Q: 






L ^ — z — « 



By Euler-MacLaurin summation formula, we have 




62 « Wi 



a 




„2y 



where &2(«) is the Bernoulli polynomial of degree 2, Hi(x) = (h' 1 (x)x 2 
For the sum over <i 2 , we have the similar expression. 

□ 
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This completes the proof of the existence of the quantum variance 
for vectors tpi = Ph^mipki an d ^2 = Ph 2 ,m 2 ,2k2 i n Theorem 1. To obtain 
the result for the general ipi, ip2 asserted in the Theorem one proceeds 
by the approximation arguments in Section 4 of [37J, which requires 
keeping track of the dependence of the remainders in the analysis lead- 
ing to (34) and (35) above. This is a straightforward generalization and 
we omit the details. In the next section we derive an explicit version 
of (34) for special Poincare series of various weights. 

3. Symmetry Properties of Q 

We begin by showing that the sesquilinear form Q is invariant under 
the geodesic flow as well as under time reversal. This is true much 
more generally as can be seen from the recent work of Anatharaman 
and Zelditch [1] in the context of r\H where T is any lattice (not just 
S , L 2 (Z), in fact they deal with cocompact lattices but their results are 
easily extended to finite volume as in [51]). In this generality, they 
relate the Wigner distributions to what they call Patterson-Sullivan 
distributions. Since the latter are geodesic flow as well time reversal 
invariant, this yields a complete asymptotic expansion measuring this 
invariance. This is given in their Theorem 1.1 and the expansion on 
page 386. Taken to second order this reads: 

If / is smooth and r G R are fixed and f T (x) = f(xQ T ), where Q T is 
the geodesic flow, then 

< Op{f T )<f> j} <f>j > 

/ Qfi x (f\A M \ <°P( L 2(fr- f))<f)jAj> 

(36) = < OpifWj, <pj > + J —^- + O(-) 

Ij lj 

where L 2 is a second order differential operator generated by the vector 
field.Y + =(° J). 

First we apply (36) with the first term only, that is 

(37) < OptfJh, h >=< Opif)^, h > +0(i) 
to the variance sums. 

t 3 <T 

= < °p{f)Mi > < opTgWAj > + °(Yl r\ < °p(9)<Pj,<Pj > I) 

tj<T tj<T 3 

(38) 
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Now the general quantum ergodicity theorem in this context [52] asserts 
that as y — > oo, 

(39) I < °P(9)<f>j,<f>j > I = o{y 2 ) 

Hence by partial summation in the second sum in (38), we get that 
< °K/r)^i, <f>j > < Op(g)<f>j,<f>j > 

tj <T 

(40) = Yl < °P(f)<f>j, h > <Ov{Q)Mi> + o(T) 

tj<T 

A similar statement is true if f T is replaced by time reversal applied to 
/. Hence in this generality (and with no arithmetic assumptions) the 
quantum variance sums are geodesic flow and time reversal invariant 
to the order required in our Theorem 1. 

In our arithmetic setting of T = SL 2 {1) we can use Theorem 1 
together with the relation (36) (to second order) to deduce (with or 
without the arithmetic weights) that as T — > oo, 

< °P(fr)4>j, <P 3 > < Op(g)4>j, 4>j > ~J2< Op(f)<f>j, 4>j > < Op(g)<t>j, fa > 
= Q(Op(L 2 (f T -f)),g)\ogT + o(\ogT) 

In any case we deduce from the above that Q is bilinearly invariant 
under both the geodesic flow and time reversal. 

Therefore, from the symmetry consideration as in Luo-Rudnick-Sarnak 
[32] , we know that the space of such Hermitian forms B(f, h) restricted 
to subspaces associated to each irreducible representation is at most one 
dimension. 

To use this further, we need show the orthogonality that Q((f)j, 0^) — 
if 4>j, (pk are in the different irreducible representations ttj, tt^- It 
suffices to show for the generator vectors of the representation, i.e. 
Q{4>j,4>k) — if <j)j,4>k is either holomorphic form or Maass form. To 
show this, we need first evaluate Q(4>j,(fik) and then use the explicit 
Hermitian form B to deduce the self-adjointness with respect to Hecke 
operators. We consider the following three cases: 

(a) Both (f)j and <pk are holomorphic; 

(b) <pj is holomorphic and (fik is Maass form; 

(c) Both <f>j and <pk are Maass forms, while this case was dealt in [5? . 
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In case (a), we first use holomorphic Poincare series to find an explicit 
form of Q(P mi; kn Pm 2 ,k^)- F° r holomorphic Poincare series 

P m ,k{z)= Yl i(7^) -fc e(m( 7 2;)). 
7eroo\r 

By unfolding, we have 

(41) <P mik ,dcoj> = / e~ 27rmy e(mx)^ j (z)^ jtk (z)dfi(z) 

Jr x \w 



Apply the Fourier expansion of <Pj,k(z) [2] 

c j {\n\)W sMn)k!itj {A'K\n\y)e{nx) 



^, k (z) = (-l) k T(l/2 + tt J )J2 



n|r(i + sgn(n)£; + itj 



n^O V I I V 2 1 *&"VJ n 1 ""3 

and 

I n 



From the relation Cj(n) = Cj(l)Xj(n) and the well-known multiplica- 
tivity of Hecke eigenvalues 

Xj{n)\j{m) = X i (^r) ' 

d\(n,m) 

we have 

<P m , k ,dw j > = 47r(-l) fc r(- + ^) Ci (l) V V A J d } 

A *■ — ' ^ — ' /hi m I 

( 42) r r ,,^ ( j,, ^U9) r^ st 

Jo r(| + sgn(q)k + itj) J \ qd J \qd / 
For the inner integral, we apply the formula 7.671 in 



3 1 
x -k-- 2e -- 2 {a-l)* K ^_ ax)Wk ^ x)da 



T(i - fcjr(~ + n - k)T{j - fi- k) 

by letting a = 1 + m/d, fi = itj and for the hypergeometric series 
F(-k, 2/i - k; -2k; 1 - J), we use 9.111 in p] 



B{p,7-P) Jo 
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By Stirling formula and similar method of calculating < Ph, m ,k, duj > 
in Section 2, we have 



< Pm,k: dujj > 



qd 



(r(l - r)(l + — - + r(-) 2 )) fe "2 exp jV | dr 

By the similar treatment on Kuznetsov formula as we did in [51], we 
obtain 



f^2 u \ %J L ( 1 >symVi)wi( J Pmi,fci)^i(-Pm 2 ,fe 

poo poo r 

/ urn / / 



V /™l f / 1V > f -7711^(1 -T) 

cos(— — £{2t - l))exp 



di \ di 



d 1 d 2 



(r(l-r)) K1 dT cos(-^— ^(2?7 - 1)) exp I w - I 



(7/(1-77)) 

2t ™2 



IS) 1 



di|mi 
d 2 |m,2 
-1 pi 



e((did2) 2 £,(j)c) / / cos(7rmi(i2^(2r — 1)) cos(nm 2 di(j)(2r] — 1)) 
Jo Jo 

T kl r] k2 (l - r) kl (1 - i]) k2 exp(-mi^2V /r ( 1 = T )) exp( y -m 2 ^d 1 y / r](l - 77)) 
drdrjd^dcp 

Now, we can use this explicit form to show the self-adjointness of 
B((pj,(j)k) with respect to Hecke operators for holomorphic <f>j, (f>k, in 
fact we can check it for each Hecke operator T p , where p is a prime, i.e. 

Proposition 2. 

Proof. This is a direct generalization of Appendix A. 3 in [37], which 
deals with the Maass case with k = 0. We use the fact (Theorem 6.9 
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in pD]) 



x — -v / n \ k—i 

(43) T n P m 4z)= (J P ^A Z )> 

d\ (m,n) 

and the explicit evaluation of S c m i m 2 (7) (Appendix A. 2 in [37])to 

' m 2 ' d 2 

verify it. 
We denote 

Q\Pmi,ki j -fm2)fe2 ) Q D\Pmi t kij Pm2,k!2) QnD {_Pm\,k\ j Pm 2 ,k 2 ) 

as the diagonal and non-diagonal terms, and we consider the following 

4 cases: 

(i) If p{m 1 m 2 , Qd(T p P mitkl , P m2jk2 ) = QoiPrmMy T p P m2t k 2 )', 
(h) If p { mi 7712, QNDiTpP^^, Pm 2 ,k 2 ) = QnD (-Pmi.fci j T p P m2t k 2 ) ] 
(in) If p a || (777,1,7772), QD{TpPm 1 ,k 1 , Pm 2 ,k 2 ) = QD(Pm 1 ,k 1 'TpPm 2 ,k 2 )', 
(iv) Ifp a II (7711,7772), Q NDiTpPmxMi Pm 2 ,k 2 ) = Q 'n D(Pm 1 ,k 1 'TpPm 2 ,k 2 ) ■ 

To prove (i), we use the fact 

' l~pPm.k{,z) 7J Ppm,k^\Z) 

from (1431) . Also, from the conditions dijpmi, c?2 1^2 and = ^ we 
have p\di. For our convenience, we denote 



h&mndiM = cos(^(2r~l)) exp ^ ^ ] (T i (l-r i ))*' 

Thus, by making the change of variables d\ — > pdi, - — > £ and c? 2 — >• 

pd 2 , J ^ £ for Q D (Pp mi ,k,Pm 2 ,k) and Q D (P mi ,k, P P m 2 ,k) respectively, 
we have 

Q D\PpPm\,k\i Pm 2 ,k 2 *) 

= P 1 Q D^Ppmi^k-ii Pm 2 ,k 2 ) 

r-oo />! />! _^ ^ki+k 2 ^ 



poo pi p 1 ^ 

p~ i ^2 / / n^(£> m *>^>^> r *)^ r ' 

m2 " *7 *7 2 = 1 



d 1 d 2 



P Q D (.Pmi ,ki j Ppm 2 ,k 2 , 
Q D(Pmi,kii TpPm 2 ,k 2 ) ■ 
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For (ii), we have 

2^2^ 2^ 2^ L L L L ^ c § e ^ 4d 2 </> 4d 2 £ j 



2l=0 i2=0 cfi|pmi c>l 

<^2 I 



JO JO JO 



e((did 2 ) £<l>c)}hi(p€i, mi, d 1: h, n)h 2 (^ 2 , m 2 , d 2 , l 2 , r 2 )dr q 



1 >.3/2-fci >r 3/2-fc2 
SI S2 



-irrrV /VACS ^ im2 /m( m|0, 



h=0 ^2=0 di \m\ 
d,2\m2 



e((rfirf 2 ) 2 ^0c)}/ii(K 1? mi, di, Zi, Ti)/i 2 (£ 2 , m 2, tfe, Z 2 , ^^i^^^z^ 



2 



-e, 



A ' J '' /,X ''' H 5 C C8 ///|///2 //'Ti 7)4(1) 

^ I I I I ^ 

c>1 JO JO JO JO 

d 2 |m2 



VEEEE/ / / / »{ 

; n ; n j i JO JO JO JO 

(1=0 (2=0 di\mi c>l 



e((cM 2 ) 2 ^c)}/^ 

£1 £2 

The above two sums correspond to the conditions p \ di, and 
respectively. 

Similarly, we have 



Q ND\Pmi,ki 5 TpPm2,k2> 

-irr w / / / / Mil f Piiimi-i i>nt, /r/^o . 



fel te ^ rl S' c ( 8 pm x m 2 m\i p 2 m\4>, 

/ / / / ' 

c>1 Jo Jo Jo Jo 

d 2 |m,2 

^a ^a 

e((rf 1 rf 2 ) 2 ^c)}/i 1 (^ 1 , mi, di, Zi, n)h 2 (p£ 2 , m 2 , d 2 , Z 2 , r 2 ) ( ir i 3/2 _ fc | 3/ 2 2 _ fc2 

SI 4^2 

^1 ^2 /»oo /»oo /*1 /»1 2 a 2 i 

-S c (s ( m\m 2 mft, rn^cp 



l 1= l 2 =0 di\mi c>l 

rf2|Tl2 



VEEEE / / / 



Jo Jo Jo 



c f cy 2d x d 2 Ad\<p 4d 2 2 C 



e((cZicZ 2 ) 2 {0c)}/i i (^,m i , 

<^ij hi Tj)dTi 3 / 2 „ fc q/ 2 



>-3/2-fci^3/2-A;2 
SI S2 
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Make the change of variables £ — >■ |, (j) — > p<f>. Moreover, by the 
evaluation of the sum S c which involving the Salie sum, precisely 

*S 'c,pm\ I d\ ,m 2 / d 2 ^c,mi/di,pm 2 /d 2 - 

We can see QND(T p P mitkl , Pm 2 ,k 2 ) — QjvD(-Pmi,fei, TpPm 2 ,k 2 )- 
For the cases (iii) and (iv), we use the fact 

T p P m)k {z) =p k - 1 P pm , k {z)+P^, k {z). 

where if p\ m, we understand that P h ^m{z) = 0. 
Thus, for the case (iii), we have 

Qoo{PpPhi,mi,kn Ph 2 ,rn 2 ,k 2 ) 
— P kl 1 Qoo(Ph 1 ( P -), P m 1 ,k 1 i Ph 2 ,m 2 ,k 2 ) + Q ooi^h^-) M ■> Ph 2 ,m 2 ,k 2 ) 

= A + B 



Similarly, 



Q D \Pm\ ,k\ ? P p Prn 2 ,k 2 ) 

p k2 ~ 1 QD{P mi M^Ppm 2 ,k 2 ) + QD{P^X,k^ Pv ^,k 2 ) 

M + Q\ 



V V 



We can check that 

A(p\d 1 ) = A l (p\d 2 ), 
A(p\d 1 ) = B 1 (p\d 1 ), 
B(p\d 2 )=A 1 {p\d 2 ), 

B(p\d 2 ) = B 1 (p\d 1 ). 

Hence, we get (iii). 

The proof of (iv) is the most tedious one and we will use the induction 
to prove that. We have 

Q ND{T p P mit ki) Pm 2 ,k 2 ) 
= P kl l QND{P pmi Mi Pm 2 ,k 2 ) + QND{PtHL,kii Pm 2 ,k 2 ) 
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From the expression of Q(P\,P2), it equals 

V- V- r r f 1 /"Vr% t Pnm V 2 m\j m 2 .^ 

i> 2^2^ Z. L L i i ^ c | e ^ 2d 1( i 2 Ad\<p 



h=0 k=0 di\pmi c>l 
d 2 |m 2 



JO JO JO 



e((did 2 ) £<l>c)}hi(p£i, mi, di, /i, ri)/i 2 (6> 

m 2 , <i 2) ^2, T 2 )rfTj 3 ^ 2 _ fci 3/ 2 -fc 2 
SI S2 



+££ EE 



ii=0« 2 =0di|mi/p c>l 

d.2 \mi 



o Jo Jo Jo 



J cy 2pd 1 d 2 4p 2 dj<P Ad 2 2 C 
e((did 2 ) 2 C0c)}/ii(Ci/p, mi, di, Ti)^2(6> 

7722, d 2 ,l 2 , T~2)dTi 3 / 2 -ki 3/2-fc 2 
SI S2 

We denote the above sum as ii + J 2 . Similarly, 

QnD \Pm\ ,k\ i TpP m 2 ,fc 2 ) 

= P k2 " 1 QjVD (P mi , ^>m 2 ) + QND (P mi , ^ ) 

v 

kl k2 r°° roc ,i ,i ^ p mi m 2 mji p 2 m 2 ^ 

c | 6cl 2did 2 4dj<f) U\i 



h=0h=0 di\mi c>l 
d 2 |pm 2 



/-'EE EE / /^S-S-^) 



Jo Jo Jo 



e((GW 2 ) 2 £0c)}/ii(£i, mi, tZi, Zi, T 1 )h 2 (p£ 2 , m 2 , d 2 , fe, r 2 )dTi 



^3/2-fci >r 3/2-fc 2 
SI S2 



,f f X- ST T T C /Vr^Cs ,m i m 2 __ mfe m 2 
^Z. Z^ Z^/„ /„ /„ / o ^ c f ec 4pdid 2 4d?0 4p2d|^ 



«i=0/ 2 =0 d!|mi c>l 
d 2 |m 2 /p 



'0 JO JO 



e((did 2 ) C0c)}/ii(Ci,mi,di,Zi,ri)/i 2 (^ 2 /p,m 2 ,d 2 ,Z 2 ,r 2 )dr l 3/2 _ fei 3/2 _ fe 

Si £ 2 

According to whether or not p\(c, *, *) in S^,*,*, we can decompose 
the above sums h, -Z2, ^1, Ih into the following 8 terms 

h = hi + h2, h = hi + 122, Hi = Ihl + //l2, ^2 = // 2 1 + ^22- 

Note if p|(c, *, *), S^,*,* = unless p 2 \c. Let c = p 2 ci, we have 

2/i <KP> c l)> 



5 |mi£j |mgj — 5 |mjj [mg] P (1 

C ' dj • d 2 ' dj ' pd 2 P 

where S(p,Ci) = if p|ci; <5(p, ci) = 1 if p f C\. Hence we can write 
In = I' n — V{ x correspondingly. 
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Similarly we have 




5(p, ci) 



P 



and write L 



21 




<J(p,Ci) 




<J(p, Ci) 



p 



and write JJ 2 i = -f-^i ~~ -^21 corresponding p|ci or not. 

By the induction hypothesis on ( m , m ), we have + /21 = H'u + 

//'-,- 

We have S cp ^ b = p 2 S c ^ h and S tp 2^ b = if p \ be. Using this and 
the evaluation of S Cta ,b we can verify that 



where ii2(p|^i) means the partial sum of Ii 2 in which p\di). Similarly, 
we have 



h 2 (p\ d ly p\ d 2 ,p\ c) = II l2 {p\d 2 ,p\d 1 ,p\c), 
In(p\d 1 ,p || d 2 ,p\c) = II 12 (p\d 2 ,p || d 1 ,p\c), 
h2(p\d 1 ,p 2 \d 2) p\c) = I'l 1 (p\d u p 2 \m 2 /d 1 ), 
J 12 (p\d u p 2 \d 2 ,p \ c) — | ^i,P || mil d 2 ), 
II'( 1 (p\d 2 ,p 2 \m l /d 1 ) = II 12 (p\d 2 ,p 2 \d 1 ,p\c), 
II'( 1 (p\d 2 ,p || rrii/di) = II 12 (p \ d 2 ,p \ c), 
r> 1 (p\d l ) = II{ 1 (p\d 2 ), 
hi{p\d 2 ) = H 22 (p\di), 
h2{p\d 2 ,p\di,p\c) = II 22 {p\ d u p\ d 2 ,p\ c), 
hi{p\d 2 ,p || d 1 ,p\c) = II 22 (p\d 1 ,p || d 2 ,p\c), 
I 22 (p\d 2 ,p 2 \d 1 ,p\c) = l' 21 (p\d 2 ,p 3 \m 1 /d 1 ), 
hi{p\ d 2 ,p\c) = I 21 {p\d 2 ,p 2 || m 1 /d 1 ), 
ir 2 \{p\d 1 )=r> l {p\d 2 ), 
Il22(p\d 1 ,p 2 \d 2 ,p\c) = II 2 y 1 (p\d 1 ,p 3 \m 2 /d 2 ), 
II 22 {p\d 1 ,p\c) = II' 21 {p\d 1 ,p 2 || m 2 /d 2 ). 



Hence we deduce from the above identities that 



/i 2 (p|di) = Ih 2 (p\d 2 ) 
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This completes the proof of 

Q\PpPm\,k\ j -^7712, £2) Q(^mj,fci : I pPrii2,hz) 

for each T p , p is a prime. □ 

For case (b), we need consider Q(P mi) k 1 , Ph,m 2 ) an d analyze the self- 
adjointness with Hecke operator in this case. Using the formula of 

< Op(P mi k)4>j, 4>j > which we just evaluated above and the formula of 

< Op(Ph, m )4>j, 4>j > hi [31], we have 



Q \Pmi ,k\ j Pfi, 



d 1 ~ d 2 



TT12J 

00 rl 
JO 



E /_ /. co S (^(2r-l))exp )( r (l- r ))^r 



, 008(^(2*7 - l))h ( , (l 



d-n—„ — h 



77(1-77) £ 



EE 



/ / e 



3 



di|mi c>l 

d,2\m 2 

... , ,2, , > /" /" cos(7rm 1 ^(2T - 1)) cosfrrm^pq - l))(r(l - t))^ 

exp(— m\^d2 \/t(1 — r))h{(f)di\J 'rj{l — 7]))dTdrjd^d(j)) 

Note that P/i m is a weight Poincare serie and under the Hecke oper- 
ator, we have 

d 2 i 

d\(m,n) 

A similar argument about the self-adjointness with respect to Hecke 
operator works for Q{P mukl , Ph,™^, i- e - 

Q(TpPm\,k\ j Ph,rri2) Q{,Pm\,k\^TpPh.m2) • 

For case (c) of <pj and <pk both being Maass forms, it was shown in 
[31]. Thus, combining these three cases, the Hermitian form Q(-, •) 
defined on the space spanned by P m ,kS is self-adjoint with respect to 
the Hecke operators T n , n > 1. Hence, for the generating vectors 4>j, <pk 
of each irreducible representation, we obtain 

Proposition 3. 

Q(T n <j)j,<j) k ) = Q((j)j,T n (j) k ) 
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if 4>j, 4>k is either weight k holomorphic form or Maass form. 
From this, we have 

K{<i>i)Q{4>j,4>k) = K(<j>k)Q(4>j,<j>k)- 

Since there is an n such that \ n (4>j) 7^ if 4>j, <fik are generator 

vectors of two distinct irreducible representations, we deduce the or- 
thogonality, Q(<f)j,4>k) = if 4>j, <pk are in distinct eigenspaces of the 
orthogonal decomposition (1). 

In the next section we calculate the eigenvalue of B on such a gen- 
erating Maass-Hecke cusp form. 



4. Eigenvalue of Q 

In this section, we shall evaluate the weighted quantum variance 
on each eigenspace U n k by applying Woodbury's explicit formula for 

the Ichino's trilinear formula with special vectors (see Appendix A), 
Rankin- Selberg theory, Kuznetsov formula and a principle observed in 
Luo-Rudnick-Sarnak (Remark 1.4.3 and Prop. 3.1 in [32J). 

Proposition 4. For weight k holomorphic Hecke eigenform f , we have 
}™^T, U (|) ^MymV.OM/)! 2 = 2*- 1 ^L(± /). 



Proof. Let A(s, (pj) be the associated completed L-function of (fj, which 
admits analytic continuation to the whole complex plane and satisfies 
the functional equation: 

A(s, <p s ) := tt-T (£±***) T (i^) L(s, = A(l - s, n). 

Moreover, we have 

A( S , sym 2 (^) = vr- 3s / 2 r (|) V (| + it^j Y (| - ify) L(s, sym 2 ^). 

For weight k holomorphic Hecke eigenform /, we have the associated 
completed L-function, 

Ms, f) ■= tt-t \ r (^^\ L{8, /). 

Thus, we obtain the Rankin-Selberg L-function, 
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L(s, f® sym tpj), 

By Ichino's general trilinear formula [18j and its explication in the 
Appendix with the explicit vectors at hand, we can express the triple 
product integrals of eigenforms in terms of the Rankin-Selberg L- function 

A(s, / <8> sym 2 <pj) as follows; 

I < Op{f)(pj, (pj>\ =t^- Cr(2) 



2 3 «v , A(l,symVj) 2 A(l,sym 2 /) 



Ck(2) 

. The lot 

Woodbury's calculation 



2 A(i,/®symVj)A(5,/) 



2 3 ' A(l,symVj) 2 A(l,sym 2 /)) 
where Ck( s ) = ^ The local factors at oo place is (Lemma 3 in 



Cr(2) 



|r(| + 2zt,)l 2 |r(|)| 2 



L 00 (l,symV i ) 2 L 00 (l,sym 2 /) 2 fe -% fe + 1 r(A;)|r(± + i^^ 4 



.2 1 J/ I 

By Stirling formula and the duplication formula of the Gamma fac- 
tors, it amounts to 

I < Op{f)tpj,(fj > | 2 

L(i,/)L(|,/0sym 2 (y J ))cosh(7rt J )|r(|)| 2 |q J (l)| 2 

2 fe 7r fc + 1 L(l,symV i )L(l,sym 2 /) 1 1 j )} 

Next we apply the approximate functional equation of L(s, f®sym 2 tpj) 
and Kutznetsov formula to evaluate the variance sum in the Proposi- 
tion. We compute 

£«(l) £(Mym 2 0,)| < Opif)^,^ > | 2 
j>i v / 

Let $ be the cuspidal automorphic form on GL(3) which is the 
Gelbart- Jacquet lift of the cusp form 0, with the Fourier coefficients 
a$(mi,m 2 ) [5], where 

a<f(mi,m 2 )= , 1)A$(— , 

d|(mi,m 2 ) 
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and 



A*(r,l) = M* 2 ). 



s 2 t=r 

The Rankin- Selberg convolution L(s, f <g>sym 2 ipj) is represented by the 
Dirichlet series, 

L(s, f ® sym 2 ^) = ^ A/(mi)a$ j (mi,m 2 )(mim2)" s , 

mi,m2>l 

where A/(r) is the r-th Hecke eigenvalue of /. 
Since 

A(l/2, / <g> symV) = — / A(s + 1/2, / <g> symV) — ■ 

7™ 7(2) S 

we have the following approximate functional equation, 

2 

L(l/2, /®symVj) = 2 A / (mi)a*.(mi, m 2 )(m 1 m 2 )- 1 /V(^^) 

mi,m2>l 



where 



= J_ /■ _ fl 7 (l/2 + s,/(g) syno ds 
lyj 2™7 (2) 2/ 7(1/2, /(gisymVi) s' 



r I — ^- 1 r ( —^2- + r —-2- -« 3 



Thus, by writing 



r(^ + «)=r(i + ft)(^ + <*)i 
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and duplication formula of Gamma functions, we have 

J2 U (I ) £(l,symVj)| < Op(f)ipj,ipj > | 2 
i>i ^ ' 

= 2-*7r- 1 - fc L(i /)|r(^)| 2 ^ M (|) | % (l)| 2 L(l/2,/®sym 2 (^.)) 

t,->i 



2-^-^(1 /)|r(^)| 2 J>(|) KWI 2 

2 

^ A/(mi)a $j (mi, m 2 ) (mim^^ V( M |" 2 ) 

mi,m2>l 

2- fc vr- 1 -L(i, / )|r(^)| 2 ^^^ £ A / (^ 1 )V(^ 2 )(n 1 n 2 )-^ 

tj>l d>l ^ 2 m,ri2>l J 

u (^j \a j ( y l)\ 2 K J ( y n 1 ,l)\^ ] ( y n 2 ,l) 

2- k n-^L( 1 -, /)|r(^)| 2 E E ^ £ A^^t 1 )V(^|^ 2 )(^ 1 ^)- 1/2 

tj>l fif>l Sl,S2,ni,7l2>l J 



I/, 



^ ) Mi)!^)^) 



2- fe vr-^L(i /)|r(^)| 2 E# E AK^tOG^i^)- 172 

rf>l si,S2,m,n2>l 

E^^l^ (|) |a,-(l)| 2 A,(t?)A,(tl) 



*i>i J 

For the inner sum, by the Kuznetsov formula, we have 



£v(^M)„ CD | a .(l)|2 A . (t?)A . (tl) 

fi >i s v-i / 
+ E — - — / -M— — ) y ( — ^ — ) M 



C>1 



C ' ' t 2 V T / COsh(TTt) 



We will estimate the above three sums respectively. 
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The diagonal term is 
2-*7r- 1 -*L(l, /)|r(|)| 2 Hufi) E^E^A/^f^tanh^ 

" / "°° ^ ' S 2 >1 SX>\ 



For the sum over s±, we have 



si>J " J ( 2 ) S] 

where 



s 



U t (s) = (1 + P t (s)) ^ 



r(»r(i + i) ' 



and 



m= E ^^(^ 

l<r<JV 

is an analytic function in IZs > —2. p r+1 (s) is a polynomial of degree 
at most r + 1 . 
Also, we have 

y^^ = -^—L(s,sym 2 f). 
f£ 4 C(2a) 1 " 

Thus, moving the line of integration in the sum over s± to 7£(s) = 
— 1/4 + e, we get 

E ^%(sl)V( S p) = ^L(l, sym 2 /) + 0(7^). 

Therefore, we get the diagonal terms contribute 

2- k n^TL(l, sym 2 /)L(l f)\T^)\ 2 + 0(T 1,/2+e ). 
For the non-diagonal terms 

E# E a/(^i)(A4$- 1/2 £^^ 

d>l ^ 2 S1,S2,*1,*2>1 C>1 



oc 



-%t( " )V{ ~ 2 )U 



t 2 \T J cosh(Trt) 

Let x = 4ntlt2 ; the inner integral in the non-diagonal terms is 

1 r a.w- j-w / « \ 

2 7.^ sinhvrt V t 2 V T / 
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Since tanh(-7r£) =sgn(t) + 0(e _7r '*') for large \t\, we can remove tanh(7rt) 
by getting a negligible term 0(T~ N ) for any N > 0. Applying the 
Parseval identity, the Fourier transform in [3], 



(y) = — i cos(x cosh(7T?/)). 



sinh(7rt) 

and the evaluation of the Fresnel integrals, the integral is 



2 7_ 00 v sinhvrt ' vy/v v t 2 ' \T t 
-i r°° H 3 ^ 2 t^H 2 /t\ 

^ J Jcos(* + \,W)){V{^^)u (|;V(y)dy 



\o,{x-y^-)){v(^^)u[-))U^ 



—i 



cos(a; - y + T ))(V( l - — 2 -^)u 



—i 

2 J v ~~~ v " * ' 4 //v ' v xy 



— z 

Y 




u 



Here all the equation is up to an error of 0(T N ). 
diagonal terms is concentrated on 

T 2 - T 2 ~ e < t\t 2 c~ x y < T 2 . 

So, we can assume d z s\tis\t\ <C 2 l2 + e since V(£) has exponential decay 
as £ — 7- oo. By partial integration, the terms with c ^> T e and t\t 2 <C 
T 2_4e contribute 0(1). So we can assume c <^ T e and t\t 2 ^> T 2_4e , 
therefore we have £ 2 *C T 5e , also we have the sum over Si and s 2 

converges. Let t = ^ 2ntl ^ 2C ^he inner integral is 

^ /°°n(t)(cos(4 7 rt 1 t 2 c- 1 - (tT) 2 c/(2 7 rt 1 t 2 ) + ^))^(^^ 2 )rft 
From Hecke's bound 

A/(r)r~ 1/2 < e JF, 
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where a G R and the Hecke relation 

A/(rir 2 ) = E ii(d)X f (r 1 /d)(r 2 /d); 

d\{r\,T2) 

and partial summation, we get the non-diagonal terms contribute 0(T 5e ). 
To evaluate the continuous part, we need rewrite 

E^r E M^to^M^r 172 

d>l " 2 s l ,s 2 ,t 1 ,t 2 >l 

with respect to L-function and we obtain the continuous part con- 
tributes 

x 't\ 1 ,,,1 . _„ a 



u \f)w^tW lLi 2 + UJ) ^ 



|r(J-f - i*)r(J + f -«)| s 



dt 



By Stirling formula and the Jutila's bound the subconvex bound 

L(i + z^)<<(/%- + t) 1/3+e , 
we obtain the continuous part contributes 0{T^ +e ). 

So we conclude that 

E M (|) ^(l,sym 2 0,)| < Opif)^,^ > | 2 

(44) = ^ TT TL(l,sym 2 /)L(i,/)|r(^)| 2 + 0(T 1 / 2 ^). 

Since we normalize /, such that < /, / >= 1 and from the fact 

</,/>= 2 1 - 2fc 7r^ 1 r(A ; )L(l,sym 2 /), 
we obtain the eigenvalue of B at / is 

1 2 k - l \T(^ 2 



2> 



2 ,JJ r(jfe) ' 

Therefore, we complete the proof of the Proposition 6. 
Moreover from [51], we have the following weighted quantum vari- 
ance for Maass forms, 
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Proposition 5. Let <p(z) be an even Maass-Hecke cuspidal eigenform 
for T, with the Laplacian eigenvalue = | + t 2 ; we have 

i ( u\ _ „ ,.i „ |r(i-f)| 4 



Next, we will remove the weights in Proposition 4 and Proposition 



27r|r(i -it. 



12 



5. 



5. Removing the Weights 



By a simple approximation argument, we can take u(t) in Proposition 
4 and Proposition 5 be the characteristic function of an interval, thus 
we obtain 

( 45 ) }™f E ^MymV.OM/)! 2 = 2 *- 1 ^|L(i /). 



and 



MO) = L( 



i ir(4-%)l 4 



^4 2 

•2'^27r|r(i-z^)| 2 ' 

On both left hand sides, the arithmetic weight L(l,sym 2 -) was nec- 
essary since we are using Kutznetsov formula. These special values 
L(l, sym 2 -) do not have much effect since we have the following effec- 
tive bounds due to Iwaniec and Hoffstein-Lockhart, for any e > 0: 

Xj e < e L(l,sym 2 0i) < e Aj. 

We remove the weights using the mollifier technique as in Iwaniec-Luo- 
Sarnak [23], Kowalski-Michel [28] and Luo [35] . 

The symmetric square L-function of (f)j is the Dirichlet series L(s, sym 
defined by 

L(s,sym 2 ^)=C(2s)J> 

n>l 

We denote pj (n) as the coefficients of this Dirichlet series and we have 
the following properties of the coefficients Pj(n). 

Lemma 1. For any n > 1, we have 

ml 2 =n 



2, 



,j[n )n 
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ml 2 =n 

in particular, Pj(n) = \j{n 2 ) if n is square-free. The degree 3 L- 
function L(s, sym 2 0j) has Euler product, 

L( S ,sym 2 ^) = - c%p-)-\l-p-)-\\ - a, V) -1 
p 

By Deligne's bound \\j(n)\ < r{n), we have 

\ Pj (n)\<r(n) 2 . 
Now we define a summation symbol ^ h by 

E^ = E L(1)Sym20j) ^- 

Suppose there is a family a = (aj) of complex numbers for all <f>j, 
if we know the information of the weighted sum ^ h aj, such as an 
asymptotic formula in our case, we expect the same formula for the 
natural unweighted sum Yl a j- O ne can wr ite the unweighted average 
as a weighted one with the weight L(l, sym 2 0j), then replace the value 
of the symmetric square by a short partial sum, say length T s of the 
Dirichlet series. 

We approach this by letting y < T 10 , by the approximate functional 
equation of L(s, sym 2 0j), we have 

(47) L(l,sym 2 0,) = ^ft^+Od," 1 ). 

n<y 

with an absolute implied constant. Let x < y, we decompose the partial 
sum as 

n<y n<x x<n<y 

Now, consider the weighted average from the tail x < n < y, i.e., 
X^(XL<n<?, Pj{ri)n~ l )ctj. By Holder's inequality, we can separate the 
sums on the partial sum and aj. For the weighted sum from the partial 
sum on x < n < y, it can be estimated by the following lemmas. 

Lemma 2. If r is an integer such that x r > T 11 , then there is a 
constant C , such that 

ft-(n)n- 1 )*<(togr) c . 

tj<T x<n<y 

This can be proven by several other lemmas: 
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Lemma 3. For r > 1, we have 

2 c(m,n) 



m 



mn 

x<n<y x r <mn<y r 

with c(m,n) = unless n can be written as n = dni, with al\m, n\ 
square-full (if p\n\, then p 2 \ni). Moreover there exists (3 > such that 
c(m, n) < r(mnY . 

This can be shown by expanding the formula in Lemma 1 and in- 
duction. 

Lemma 4. Let z > 1, there exists A depending on r, such that 
E A 3 -M^ = 0(^(logT^). 

x r <mn<y r ,n> z 

This lemma can be proved by the Deligne's bound on Xj, Lemma 3 
and the following observation 



V— V 1 

> - < Z 2. 



n 

Square-full n>z 



Lemma 5. There exists a real number M such that x r z 1 < M < y r z 
and c(m) and B such that 



[n)n 1 ) 2r 



E< E ft' 

tj<T x<n<y 

t c(m) 
ni 



« (logT 2 ) s ^| A,(m 2 )^| 2 + 0(Tz-*(logTz) B ) 



By Lemma 3 and Lemma 4, 



n)n- 1 ) 2r 



x<n<y 

B\ 



E\— v , . r,.c(m, n) , „. m l,, m . 

n<z x r <mn<y r ,n>z 



Then dyadic divide the interval x r < mn < y r and apply Cauchy's 
inequality, this lemma follows. 

Now, let z = T 2 , so we have M > T 9 , then we can apply the mean 
value estimate obtained from a property of almost orthogonality of the 
coefficients of the symmetric square L-functions of the Hecke-Maass 
forms [221. 
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Lemma 6. For M > T 9 and a(n) <C (T(n)iogra) ^ ^ ere ex ists a constant 
D such that 

J]|^a(n)A J (n 2 )| 2 «(logM) 

tj<T n~M 

So, by replacing the weight L(l, sym 2 0j) with the short Dirichlet 
series of length T s , for the weight from the partial sum x = T 5 < 
n < y < T 10 , use Holder's inequality with (2r) _1 + = 1, where r 
satisfies x r > T 11 , we have the tail from x < n < y contributes 0(T~ a ) 
for a > 0, precisely we have 

Proposition 6. There exists an absolute constant a > 0, such that 

I < Op(f)^,^ >\ 2 =J2 ^(l, sym 2 0,)| < Op(f) Vj , Vj > | 2 + OCT 1 "") 

tj<T tj<T 

Since 

</,/>= 2 1 - 2fc 7r^- 1 r(A;)L(l,sym 2 /), 
we obtain the eigenvalue of Q at / is 

L( 2' /} r(fc) • 

□ 

Similarly, we remove the arithmetic weight in (40) and have the 
following 

Proposition 7. Let <f>(z) be an even Maass-Hecke cuspidal eigenform 
for T, with the Laplacian eigenvalue = \ + t 2 , we have 

i ^. „ ,o ir(i-%)l 4 



lim - | < Op(<j>)ipj,ipj > | 2 = 



4 2 



r^ooT^ 1 ^^'^ ' V 2'^27r|r(i-i^)r 
Hence, combining Propositions 4, 6 and 7, we obtain Theorem 2. 



Appendix A. A triple product calculation for GL 2 (R) 
by Michael Woodbury 

Let F be a number field and A = Ap the ring of adeles. Let T be 
the subgroup of GL 2 consisting of diagonal matrices with Z C T the 
center. Let N C GL 2 be the subgroup of upper triangle unipotent 
matrices so that P = TN the standard Borel. 
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Given automorphic representations 7Tl, 7r 2 , tt^ of GL2 over F such that 
the product of the central characters is trivial, one can consider the so- 
called triple product L-function L(s, II) attached to II = 7Ti <S> vr 2 <E> 7r 3 , 
or the completed L-function A(s, II). This L-f unction is closely related 
to periods of the form 

J [GL2] 

where = ipi ®(p 2 <8> ^3 with y9j £ 71$, and [GL 2 ] = A x GL 2 (-F)\G r L 2 (A). 

One example of this relationship arises in the case that tti and 7r 2 are 
cupsidal and 7r 3 is an Eisenstein series. Then L(s, II) is the Rankin- 
Selberg L-function L(s, tt\ x 7r 2 ), and for appropriately chosen ip 3 , the 
period I gives an integral representation. Another example occurs 
when all three representations are cuspidal. In this case, formulas 
for L(s,U) have been given by Garrett [UJ, Gross-Kudla[H], Harris- 
Kudla[U], Watson US] and Ichino US]. 

Let us write (restricted) tensor product over the 

places v of F, with each 7r^ v an admissible representation of GL 2 (L„). 
Let (•,•)„ be a (Hermitian) form on 71*. Then, assuming that (pi = ®^p^ v 
is factorizabld^, for each v we can consider the matrix coefficient 

) v dg v , 

JPGL 2 (F V ) 

and the normalized matrix coefficient 

When each of the representations 7Tj is cuspidal, Ichino proved in [18] 
that there is a constant C (depending only on the choice of measures) 
such that 

[ } UUJ [G L 2] M9)\ 2 dg 23 ^ U A(l,n,Ad)ll(^,^ 

whenever the denominators are nonzero. We remark that, due to the 
choice of normalizations, the product on the right hand side of f|49l) is 
in fact a finite product over some number of "bad" places. 

While Ichino's formula is extremely general, for number theoretic 
applications it is often important to understand well the bad factors. 
For example, subconvexity for the triple product L-function as proved 

2 As a restricted tensor product, we have chosen vectors ip® v <E n v for almost all 
places v. We require that the local inner forms must satisfy (ip® v , ip® v ) v — 1 for 
almost all such v. 
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by Bernstein-Reznikov in jl] and Venkatesh [IE] used, in the former 
case, Watson's formula from or, in the latter, the present author's 
paper [50] . 

In this appendix we calculate I v in the case that v | oo is a real place, 
n i,v = ^dis i s the discrete series representation of (even) weight k, and 
^v,2 = K it2 and 7T 3il , = 71-^3 are principal series representations where 
Ira = Indp(|-| rf <g> |-|~ 1 *) is obtained as the normalized induction of the 
character 

Recall that if / G 7iu then 



it (g>\-\~ U : r(R) -»c. 



f(M) M) g) = \y\^ m 

for all g G GL 2 (R). 

Remark 3. If 7r# corresponds to the archimedean component of the 
automorphic representation associated to a Maass form f of eigenvalue 
X under the Laplacian, then A = \ + 1 2 . 

Let 

Recall that a function /, G 7Tj is said to have weight m if fi(gng) = 
fi(g)e m9 for all g G GL 2 (M). As is well known, for each m G Z the sub- 
space of 7Tj consisting of functions of weight m is at most 1-dimensional. 

Theorem 3. Let fi G ir^ is be the vector of weight k, let f 2 G TT it2 be 
the vector of weight zero, and let f 3 G Tiu 3 be the vector of weight —k 
(each normalized^ so that /«((o ?)) = W Then 

(50) /:(/. / 2 h) lK 



(k-l)\(l + it 3 )t(l-it 3 )k 



T(| + it 2 + it 3 )T(% + it 2 - %h)Y(\ - it 2 - zt 3 )T(| - zt 2 + it 3 ) 
r(i + it 2 )T{\ - it 2 )Y{\ + ih)T(\ - its) 



and 



(51) /,(/: h h) 1 '"" 



2 + #3)1(3 _ #3)| 



where (z) m = z(z — 1) • • • (z — m + 1) 



^This normalization ensures that {fi, fi) = 1. 
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A.l. Real local factors. For the remainder of this note, we work 
locally over a real place. Since the place v is assumed fixed, we remove 
subscripts from the associated //-functions. We trust that no confusion 
will arise between these and the global L-function considered above. 
(For example, L(s, IT), to be defined below, represents the local L- 
f actor L v (s,U) appearing in equation f|48]) .) 

We will assume, however, that the discrete series nu is unitary. (This 
is automatically true if ttu is the local component of an automorphic 
representation.) This implies that t is real or that t purely imaginary of 
absolute value less than 1/2. This requirement will be used implicitly 
to guarantee that certain integrals converge and that certain functions 
are real valued. We will use this facts without further mention. 

We record the relevant local factors for representations of GL^R). 
Let 

r R (s) = vr- s / 2 r( S /2), and r c (s) = r R (s)r R ( S + 1) = 2(2tt)-T(s) 

where F(s) = J °° y s e~ y d x y when Re(s) > and is extended by analytic 
continuation elsewhere. Note that 

I (m — IV 

(52) r R (l) = l, r K (2) = - and T c (m) 



We recall basic facts about the local Langlands correspondence for 
GL 2 (M) as found in Knapp [21]. The Weil group W R = C x UjC 2 where 
j 2 = —1 and jzj -1 = z for z G C x . The irreducible representations of 
Wr are all either 1-dimensional or 2- dimensional. The 1-dimensional 
representations are parametrized by 5 G {0, 1} and t G C: 

z I II* 

The irreducible 2-dimensional representations are parametrized by pos- 
itive integers m and t G C: 

T 2t e im0 q 

Q r 2tg—im,8 

(-l) m 

1 



re i — y 
p 2 (m,t) : 



Defining p 2 (0,t) = pi(0,t) © Pi(l,t) and p 2 (m,t) = p 2 (\ra\ ,t), the 
following is an elementary exercise. 

Lemma 7. Every (semisimple) finite dimensional representation of 
Wr is a direct sum of irreducibles each of dimension one or two. Un- 
der the operations of direct sum and tensor product, the following is a 
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complete set of relations. 

p 2 (m,t) ~ p 2 (-m,t) 
p 2 (0,t)~p 1 (0,t)®p 1 (l,t) 
*i) © pi(5 2 , *2) ^ h + t 2 ) 
Pi (5, *i) © P2(m, t 2 ) ~ p 2 (m, ii + i 2 ) 
p 2 (m 1} ti) © p 2 (m 2 , t 2 ) ~ p 2 (mi + to 2 , ti + t 2 ) © p 2 (^i - m 2 , *i + £2) 

In i/ie i/iird line, 5 = 5\ + 5 2 (mod 2). Moreover, if p denotes the 
contragradient of p then 

pi (5, t) ~ pi (5, -t) , and p 2 (m, t) ~ p x (to, -t) . 
Attached to each irreducible representation p of Wr is an L-factor 

L(s,p!(5,t)) = T R (s + t + 5), and L(s, p 2 (m, t)) = T c (s + i + — ). 

Writing a general representation p as a direct sum of irreducibles p\ © 
• • • © Pri we define 

r 

i=i 

In particular, given p, the adjoint representation is 

Ad(p) ~ p©p©pi (0,0) 

since pi(0,0) is the trivial representation. 

Under the Langlands correspondence, admissible representations tt 
of GL 2 (R) correspond to 2-dimensional representations p = p(n) of 
W R . For example, p(ir it ) = pi(0, it) © pi(0, -it) and p(n^ is ) = p 2 (0, k- 
1). Thus the local factors for the discrete series and principal series 
representations are 

L(s,7r k dis ) = r c (s + (fc-l)/2), and L(s, 7r it ) = T R (s + it)T R (s - it). 
We define 

L(s, n) = L(s, p(vr^ is ) © p(7r it2 ) © p(ir it3 )) 

and 

L(s,n,Ad) = L(s,Adp(4 is )©Adp(7r it2 )©Adp(7r it3 )). 
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Lemma 8. Let U = 7i^ is ® n it . 2 <g> n its . The normalizing factor relating 
I v and I' v in (Jl"8"|) at a rea/ place v is 

L(i,n„Ad) ofc _ 3 *_i 



2 fc - d 7r fc - 1 (A;-l] 



r K (2) 2 L(i/2,n, 

r(| + it 2 )v{\ - it 2 )v{\ + zt 3 )r(| - ih) 

r(| + it 2 + it 3 )r(| - u 2 + it 3 )r(§ + zt 2 - «t 3 )r(| - i* 2 - & 3 ) ' 

Proof. Using Lemma [TJ one can easily show that 

L(l/2, n) = n e , £ ' e{± i } Tc (eit 2 + e'ih + f ) 

= 2 4 (2vr)- 2fc n^ e{± i } r(| + ^ 2 + ^t 3 ) 
and, applying fl52l . L(1,H, Ad) is equal to 

(r c (fc)r R (2)) (r R (i + 22t 2 )r R (i - 2# 2 )r R (i)) (r R (i + 2# 3 )r R (i - 2it 3 )ii 
^-^ra + it 2 )ra-i t2 )ra + it 3 )ra-it, 



2 fc-i 7r fc+3 ^2 z y v 2 y v 2 y v 2 

Combining these, we arrive at the desired formula. □ 
A. 2. Whittaker models. As a matter of notation, set 

«(!/)= ({J l)' S «)' ^=(0 1 

Let 7r be an infinite dimensional representation of G with central 
character u and ^ : K — >■ C x a nontrivial additive character. Then 
there is a unique space of functions W(tt, ip) isomorphic to 7r such that 

(53) W{z{u)n(x)g) = cu(u)ip(x)W(g) 

for all g G G. Recall that the inner product on W(7T, tp) is given by 



(W, W) = / W(a(y))W'(a(y))d x y. 

JM.X 

We fix %p : K — > C x once and for all to be the character if)(x) = e 2mx . 

If the central character of 7r is trivial, and W G W(7r, has weight 
k, (|53|) becomes 

(54) W(^(w)n(a;)a(y)« e ) = e 2 ™ x W(a(y))e ime . 

This, by the Iwasawa decomposition, determines W completely pro- 
vided we can describe w(y) = W(a(y)). This can be accomplished for 
the weight k vector Wj: G W(7r^ is , ip) by utilizing the fact that Wj: 
is annihilated by the lowering operator X~ G Lie(GL 2 (R)). Applying 
X~ to (|54l) . one finds that w(y) satisfies a certain differential equation 
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whose solution is easily obtained. The unique solution with moderate 
growth is, up to a constant, 

/ r-r\ xxrk { , \ \ f y k/2 e~ 2ny if y > 

(55) W!(a(y)) = {y Q if y < 0. 

We calculate directly that 

/oo poo 
W k k (a(y))W^(a(y))y s ^s = J y^'^e^d^y 

^ f(s - 1 + (fc + k')/2) 

~ u 7l y-i+(k+k , )/2 

By letting s — 1 and k = k', this implies that 

(57) «^) = 74^- 

Analogously, if W 7 ^ G W(7r#, ^) is a weight m-vector which is an 
eigenvector for the action of the Laplace operator A of eigenvalue A, 
one can apply A to ( 15"5|) to see that w(y) = W^(a(y)) satisfies the 
confluent geometric differential equation 



(58) w" + 



1mA 
~4 % ^ 



w = 0. 



Therefore, W^(a(y)) = W™/ lt {\y\) is the unique solution of ( )58l) with 
exponential decay as \y\ — > oo and A = \ + t 2 . (See ...) The weight zero 
vector Wq can be expressed in terms of the incomplete Bessel function: 

(59) W \a(y)) = W ,M = ^~ 1/2 \v\ 1 ' 2 K it {2<K \y\). 

By formula (6.8.48) of [8], it follows that 



(60) / W , itl (a(y))W , it2 (a(y))y s - L d x y 

4 rco 



71 



K itl (27ry)K lt2 (2iry)y s d x y 



^ s+it\+it2 S ~ ^p^ £+jjlzjta s— ifi— if2 \ 

~~ 27T S+1 f(s) ' 

Evaluating this at s — 1 in the case that ti = t 2 = t, we have that 
(61) Wtf = ^ i. 

71 

Note that we have used that W^a^y)) is an even function and T(l/2) 

/7T. 
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Remark 4. An explicit intertwining map it — > W(tt, ip) is given, when 
the integral is convergent, by 

(62) f^W f W f {g) = n- 1/2 [ f(wn(x)g)ip(x)alx 

Jr 

where w = ( i\ J ) , and this can be extended by analytic continuation 
elsewhere. 

As an alternative to the strategy above, one can deduce equations fl56|) 
and (1601) by working directly from (1621) . ( See [10] .) The normalization 
in (1591) coincides with this choice of intertwiner. 

A. 3. Proof of Theorem 3. We are now in a position to prove Theo- 
rem [31 Having laid the groundwork above, it is a simple consequence 
of the following result due to Michel- Venkatesh [SB] ■ 

Lemma 9 (Michel- Venkatesh) . Let 7ri,7T2, 7T3 be tempered representa- 
tions o/GL 2 (lR) with 7r 3 a principal series. Fixing an isometry 7Tj 
W(7Ti,'0) for i = 1,2 we may associate for /, G 7Tj vectors Wi in the 
Whittaker model. Then the form £rs : ® ^2 <8> ^3 — >■ C groen 6?/ 

(63) £ RS (/i®/ 2 ®/3) 

= / / W 1 (a( 2 /)K)W 2 (a( 2 /)K)/ 3 (a( 2 /)« ; )| 2 /r 1 C ? x 2 / t iK 

satisfies \£ RS \ 2 = I'{h ® h ® h) 

For i = 1,2 we have \ = \ + tf. Recall our choice of test functions: 
W\ = Wj?, W 2 = Wq 2 , and f 3 G 7r it3 of weight -k. Since the sum of 
the weights of these is zero, the integral over K in (163]) is trivial, and 

poo 

M^i ®W 2 ®f z )= W 1 (a(y))W 2 (a(y))f 3 (a(y)) \y\~ l d x y 

Jo 

POO 

Jo 

POO 

=2vr- 1 / 2 / e- 27Ty K it2 (2ny)y k / 2+iti d x y 
Jo 

2 r(| + %t 2 + zt 3 )r(| - it 2 + it 3 ) 
-( 47r )fc/2+ft 3 r(i + | + zt 3 ) 

In the final line we have used equation (6.8.28) from [8]. This simplifies 
further by using the identity T(z + m) — T(z)(z) m . 
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Recall that we have chosen fa such that {fi, fi) = 1 for each i. There- 
fore, in order to apply Lemma [HI we must normalize 

Air 

■x 



(/c-l)!(|-it 3 )|(| + it 3 ,_ 

r(f + it 2 + it 3 )r(f + %t 2 - %h)y{\ - it 2 - it 3 )r(§ - zt 2 + # 3 ) 

X 



r(| + it 2 )v{\ - it 2 )T(\ + it 3 )r(| - it 3 ) 

To complete the proof, we multiply by the normalizing factor of 
Lemma [SJ 

Remark 5. If one or more of the representations 7:^. is a complemen- 
tary series (i.e. if Xj < \) then the result of Theorem^ still holds, 
but the explicit calculation is somewhat different. In this case, it is no 
longer true that for r e R 

|r(r + ^-)l 2 = r(r + %)r(r-%), 

nor is it true that (fj,fj) = 1. Taking into account these differences, 
however, the final answer ends up agreeing with what has been calcu- 
lated above. 
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